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Abstract 

We prove Abehan magnetic monopole dominance in the string tension of QCD. 
Abelian and monopole dominance in low energy physics of QCD has been confirmed 
for various quantities by recent Monte Carlo simulations of lattice gauge theory. In 
order to prove this dominance, we use the reformulation of continuum Yang-Mills 
theory in the maximal Abelian gauge as a deformation of a topological field theory of 
magnetic monopoles, which was proposed in the previous article by the author. This 
reformulation provides an efficient way for incorporating the magnetic monopole con- 
figuration as a topological non-trivial configuration in the functional integral. We 
derive a version of the non- Abelian Stokes theorem and use it to estimate the expec- 
tation value of the Wilson loop. This clearly exhibits the role played by the magnetic 
monopole as an origin of the Berry phase in the calculation of the Wilson loop in the 
manifestly gauge invariant manner. We show that the string tension derived from the 
diagonal (abelian) Wilson loop in the topological field theory (studied in the previous 
article) converges to that of the full non-Abelian Wilson loop in the limit of large 
Wilson loop. Therefore, within the above reformulation of QCD, this result (together 
with the previous result) completes the proof of quark confinement in QCD based on 
the criterion of the area law of the full non-Abelian Wilson loop. 

Key words: quark confinement, topological field theory, magnetic monopole, non- 
Abelian Stokes theorem 
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1 Introduction 



In a series of articles [0, 0, |^ , we have investigated quark (resp. charge) confinement 
in four- dimensional non-Abelian [0, ^ (resp. Abelian 0) gauge theories. The main 
purpose of them was to clarify the mechanism of quark (resp. charge) confinement 
and to give the proof of quark confinement starting from quantum chromodynamics 
(QCD) (resp. quantum electrodynamics (QED)) without introducing ad hoc assump- 
tions. A special gauge fixing called the maximal Abelian gauge (MAG) has been 
adopted in these investigations. For a non-Abelian gauge group G, the MAG implies 
a partial gauge fixing in which the coset G/H is fixed with the maximal torus sub- 
group H being unbroken. The MAG is regarded as a field theoretical realization of 
the Abelian projection proposed by 't Hooft [Q. 

In the first article [IH, we have proved that the QCD vacuum is the dual supercon- 
ductor Q in the sense that the low-energy effective gauge theory of QCD in the MAG 
is given exactly by the dual Ginzburg-Landau theory, which we called the Abelian- 
projected effective gauge theory (APEGT). This result supports magnetic monopole 
condensation as a mechanism of quark confinement. The dual superconductivity in 
QCD gives the most intuitively appealing picture of quark confinement. 

In the second article 0, we have presented a reformulation of the non-Abelian 
gauge theory as a (perturbative) deformation of a topological (quantum) field theory 
(T(Q)FT) which describes topological non-trivial sector of the gauge theory. This 
reformulation provides an efficient way for incorporating the magnetic monopole P, |^ 
configuration (which appears after Abelian projection) as a topological non-trivial 
configuration in the functional integral of gauge theory. In the article |0| we have 
defined the diagonal Abelian Wilson loop by using the gauge field variable belonging 
to the maximal torus subgroup H of G. We have proved that, in the TFT obtained 
from the four- dimensional Yang-Mills (YM) theory with a gauge group G in the MAG, 
the evaluation of the diagonal Abelian Wilson loop is reduced to that of the equivalent 
two-dimensional coset G/H non-linear sigma model (NLSM). This equivalence is a 
consequence of the Parisi-Soulous dimensional reduction of the four-dimensional TFT 
in the MAG into the two-dimensional G/H coset NLSM. This is an exact result. This 
result stems from the supersymmetry hidden in the TFT in the MAG. Moreover, we 
have shown that the area law of the diagonal Wilson loop is derived by summing up 
the contribution of instanton and anti-instanton configurations in the two-dimensional 
NLSM. These results lead to the linear confining static potential between quark and 
anti-quark in the TFT sector. For G = SU{2), the equivalent model of the TFT is 
given by the 0(3) NLSM or CP^ model. Thus the dimensional reduction is considered 
as another mechanism for quark confinement. 

Similar idea can also be applied to Abelian gauge theory. Actually, in the third 
article the existence of confinement phase in the strong coupling region of QED 

^ According to the recent Monte Carlo simulation, the type of dual superconductor as the QCD 
vacuum is reported to be on the border of the type II, see |^ for the defintion of the type of dual 
superconductor. This will be due to the dressing of the Abelian flux connecting the quark and anti- 
quark pair by the off-diagonal gluon components, since the Abelian dual Ginzburg-Landau theory 
obtained as the APEGT is of type II (near the London limit) [Q. 
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has been shown in the sense that the hnear static potential is generated between two 
fractional charges due to vortex condensation. 

As a background of the works 0, 0], it is necesarry to know that the Abelian 
and monopole dominance P, ^ in low energy physics in QCD has been confirmed 
for various quantities by recent Monte Carlo simulations of lattice gauge theory, see 
e.g. [1^ and [0. This is especially remarkable in the MAG. According to the lattice 



Monte Carlo simulations, the non- Abelian string tension a is nearly saturated by the 
Abelian part aAbei obtained in the MAG; Indeed, aAbei — 0.92a for G = SU{2),P = 
2.5115 [Q. This is called the Abelian dominance. Moreover, the Abelian part aAbei is 



dominated by the monopole contribution, amonopoie as amonopoie — 0.95(TA6e« fl^- This 
is called the monopole dominance. However, it is not clear whether the abelian and 
monopole dominance on the lattice survives the continuum limit. 

In this article, to avoid the subtle problem of taking the continuum limit of the 
lattice gauge theory, we make use of the continuum formulation introduced in |Q of 
the gauge theory to study the Abelian and monopole dominance in QCD. Here it 
is important to remember that the criterion of quark confinement should be gauge 
invariant, since only the gauge invariant concept has physical meaning in gauge theo- 
ries. Indeed, the full non-Abelian Wilson loop is gauge invariant by construction and 
hence the expectation value is independent of the gauge chosen. Therefore the area 
law of the full non-Abelian Wilson loop gives a gauge independent criterion for quark 
confinement. Consequently, the string tension obtained from the area law is gauge- 
invariant and gives the gauge-independent linear static potential between quark and 
anti-quark. Therefore, in the practical calculation of the full non-Abelian Wilson 
loop, we can adopt an adequate gauge so as to simplify the calculation. It turns out 
that such a simplest gauge is given by the MAG. 

In this article we deal with the full non-Abelian Wilson loop and clarify the re- 
lationship between the full non-Abelian Wilson loop and the diagonal Wilson loop 
introduced and evaluated in 0. At first glance, it seems that the area law derived 
in from the Abelian (diagonal) Wilson loop might depend on the specific gauge 
fixing chosen, the MAG. This is not the shown in this article. 

The main purpose of this article is to show that the area law of the diagonal 
Wilson loop in the TFT is sufficient to conclude the area law of the full non-Abelian 
Wilson loop in the YM theory. Actually, it turns out that the string tension aMAG 
derived from the diagonal (abelian) Wilson loop in the TFT (studied in the previous 
article 0) converges to the string tension a of the full non-Abelian Wilson loop in the 
YM theory in the limit of large Wilson loop C, that is to say, the difference between 
two string tensions goes to zero in the large Wilson loop limit, 

o' — aMAG\0 as |Area(C)| oo. (1.1) 

This implies Abelian and monopole dominance in the string tension of QCD. More- 
over, within the reformulation of gauge field theories given in 0], the result (|1 . 1|) 
completes the proof of quark confinement in QCD based on the criterion of the area 
law of full non-Abelian Wilson loop, since the area law for the diagonal Wilson loop, 
i.e. aAbei = o-MAG 7^ for any value of the gauge coupling {g > 0) was shown us- 
ing dimensional reduction and instanton calculus in the previous article H. Under 
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the MAG, we can show without ad hoc assumptions that the dual superconductivity 
and the dimensional reduction are exactly realized in QCD, both of which lead to 
monopole condensations as the mechanism for quark confinement. 

This article is organized as follows. In section 2, we review the formulation of 
the YM theory as a deformation of the TFT 0. In section 3, we rederive a version 
|18|, H of the non-Abelian Stokes theorem (NAST) ig, |15|, |16l 0, |0|, |3 

based on the coherent state representation 12^, |23|, p3, pSl . This clearly shows gauge 



invariance of the Wilson loop and the role played by the magnetic monopole in the 
calculation of the Wilson loop. The NAST clarify also the relationship between the 
monopole contribution and the Berry phase ^ |2^, |30|, ^ 0. In section 
4, the NAST is used it to estimate the expectation value of the Wilson loop and to 
prove the main statement. 



2 Yang-Mills theory as a deformation of a TFT 
and dimensional reduction 

In the previous article 0, we have presented the reformulation of the non-Abelian 
gauge theory as a deformation of a topological field theory. In this section, we sum- 
marize the essence of this reformulation for later convenience. 

2.1 Separation of field variables 

The Yang-Mills (YM) theory with a gauge group G = SU{N) on the D-dimensional 
space-time is described by the action {D > 2), 

Sqcd = Jd^xiCQCD[A,,^]+CGF), (2.1) 
CQCD[A^,i^] ■■= -^tTG{J^^..J^^.u)+Hn^1^M]-m)iJ, (2.2) 
where Cgf is the gauge fixing term specified below and 

A,{x) = E Aii^)T\ (2.3) 

A=l 

^A^) ■= E ^^uix)T'^ ■= d,Auix) - d.A^ix) - ig[A^ix),Au{x)], (2.4) 

A=l 

V^[A] := d^-zgA^. (2.5) 

We adopt the following convention. The generators T'^i^A = 1, ■ ■ ■ , A^^ — 1) of the 
Lie algebra Q of the gauge group G = SU{N) are hermitian and satisfy [T^,T^] = 
■jABCrpc^ with a normalization, tr(T^T^) = \5^^ . Let H = U{1)^-^ be the maximal 
torus group of G and T"- be the generators in the Lie algebra QXTi where Ti is the 
Lie algebra of H . 

In the following, we discuss only the case of SU{2) explicitly, although most of the 
following results can be easily extended into SU{N),N > 2. For G = SU{2), = 
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{l/2)a^{A = 1,2,3) with Pauh matrices and the structure constant is f^^'^ = 
^ABC ^ The indices a,b, - ■ ■ denote the off-diagonal parts of the matrix representation. 
The Cartan decomposition of the gauge field reads 

M^) = E ^»T^ ■■= ^,i^)T' + E A^^{x)T'^. (2.6) 

A=l a=l 

Under the gauge transformation, the gauge field Af^{x) transforms as 

A^{x) ^ A^^ix) := U{x)A^{x)W{x)+'-U{x)d^U\x). (2.7) 

In order to quantize the YM theory, this gauge degrees of freedom must be fixed 
by the procedure of gauge fixing. The gauge fixing condition is usually written as 
F[A] = 0. The procedure of gauge fixing must be done in such a way that the gauge 
fixing condition is preserved also for the gauge rotated field A^, i.e., = 0. This 

is guaranteed by the Faddeev-Popov (FP) ghost field. In the BRST formalism, both 
the gauge-fixing and the FP terms are automatically produced using a functional Ggf 
of the field variables as 

CGF:=-t5BGgf[A^,C,C,(P], (2.8) 

where C,C are ghost, anti-ghost fields and is the Lagrange multiplier field for the 
gauge fixing condition. Here 6b denotes the nilpotent BRST transformation 6b {6b = 
0), 

SbA^{x) = V^[A]C{x) := d^C{x) - ig[A^{x),C{x)], 
6bC{x) = ig-[C{x),Cix)], 

6bC{x) = i4>{x), 
6B(t){x) = 0, 

6b4'{x) = igC{x)ip{x), 6b'4'{x) = —igC{x)ii){x). (2.9) 
The partition function of QCD is given by 

Zqcd[J] ■■= J [dA^][dC][dC][d(j)][d^][d^] exp {tStot + tSj} , (2.10) 

with the source term, 

Sj := J rf^a;(trg[JM^ + J,C + J-^C + J^0] + # + r^^). (2.11) 

To reformulate the YM theory as a deformation of a topological field theory 0, 
we first regard the field and if) as the gauge transformation of the fields and ^ , 

A^{x) := U{x)V^{x)U\x) + %{x), n^{x):=-U{x)d^U\x), (2.12) 

g 

ip{x) := U{x)^{x), (2.13) 
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where and \I/ are identified with the field variables in the perturbative sector. 
Furthermore we introduce new ghost field 7, anti-ghost field 7 and the multiplier 
field (5 which are subject to a new BRST transformation 5^, 

Sbi{x) = ig-[-f{x),-f{x)], 

^Bl{x) = iP{x), 
SsPix) = 0, 

Ss'^ix) = ig'j{x)'^{x), 5b^{x) = -ig'j{x)^{x). (2.14) 
Then the partition function is rewritten as 

Zqcd [J] = J [dU] [dC] [dC] [d^] J [dV,] [dj] m m [d^] [d^] 
xexp[t J d^x[-t6BGgf[n^ + UVf,U\C,C, 0]" 

+z J d''x[CQCD[V„'^]-tSBGgf{V^,j,j,P)]+iSj},{2.15) 

where 

Sj = J ci^x{trg[J'^(fi^ + UV^W) + J,C + JsC + J^0] + f]U^ + r]m^}. (2.16) 

2.2 Maximal Abelian gauge 

A covariant choice for gauge fixing is the Lorentz gauge, 

F[A] := df.A^' = 0. (2.17) 
The most familiar choice of Ggf is 



Ggf = tTg[C{d,A'' + ^4>)], (2.18) 



which yields 



Cgf := -t6BGgf[A^XX,(l)]=tTg[(l)d^A'' + tCd''V^[A]C + (2.19) 

The parameter a is called the gauge-fixing parameter. 

In the previous articles [|l], we examined the maximal abelian gauge (MAG). 
For G = SU{2), MAG is given by 

F^[A,a] := (S'^ ± i^a'^)Aj = 0, (2.20) 

using the (±, 3) basis, 

:= {O^ ±iO^)/V2. (2.21) 
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The simplest choice of Ggf for MAG in (±,3) basis is 



G,f = T.C^{F^[A,a] + ^cP^), (2.22) 

which is equivalently rewritten in the usual basis as 

Ggf = E C"^(i^1Aa] + -0"), (2.23) 

a=l,2 

F"[A,a] := {p^b"-^ ~ge"'^'^d')A\:=D^"'\a\A\. (2.24) 
In the previous article 0, we took a slightly modified choice, 

G'sS = [Ia;A^^ + zC^C^^ = -6b (a+A; + z E C^C^^ , (2.25) 

where 6b is the anti-BRST transformation, 

6bA^{x) = V^[A]C{x):=d^C{x)-tg[A^{x),C{x)], 

6bC{x) = i(t>{x), 

- - I - - 

6bC{x) = ig-[C{x),C{x)], 

6b<P{x) = 0, 

6biP{x) = igC{x)il){x), 6Bi'{x) = -igC{x)i}{x), 
0(x) + 0(x) = g[C{x),C{x)l (2.26) 

where is defined in the last equation. The BRST and anti-BRST transformations 
have the following properties, 

(5^)2 = 0, (5b)' = 0, {6b,6b].= 6b6b + 6b6b = ^- (2.27) 
Our choice of gauge fixing term leads to a remarkable form for the gauge- fixing part, 

Cgf = i6b6b (^\a;A^'' + tC'C^^ = i6b6b [a^A' + i ^ C^C^^ , (2.28) 

which is invariant under the BRST and anti-BRST transformations, 

6bCgf = = 6bCgf. (2.29) 
The choice of G'^^ allows the separation of the variable in such a way 

Cgf = -i6BG'gf[n^ + UV^U\C,C,(t>\ 

= CtftI^,, C, C, 0] + iV^M^^iU] + '-V^V^^lC^^pl (2.30) 
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where we have defined, 



Ctft ■= C, C, 0] = ^(5^5^ Qr^^lfi^ + zC"C"^) , (2.31) 

/C^^[f/] := 5b5b\{UT^U^Y{UT''U^Y], (2.32) 
where we have used that the action oi 5b is trivial in the perturbative sector, 

5bV^{x) = = 6bV^{x). (2.33) 
The most basic BRST transformation 5^ is given by 

5bU{x) = igC{x)U{x), 6bU{x) = tgC{x)U{x), (2.34) 

which yields 

dB^^ix) = v^[n]c{x), dB^^ix) = v^[n]c{x). (2.35) 



2.3 Deformation of topological field theory 

The partition function of QCD is rewritten as 



Zqcd[J] 



JW[U;Jt',f!,'ri] 



J [dU] [dC] [dC] [d(j)] exp [iSTFTl^,^, C, 0] 

+1 j rf^xtrg[J^n^ + JJZ + JgC + J^ct)] + iW[U- J^, r/, r^]}, 

j [dV^] [d^] m m [d-^] [d^ exp {iS,QCD [V^, ^,7,7,/?] 



+i / d'^x 



'^pQCZ)[V/„^,7,7,/5] 



[V,v[/]-^5^G,^(V^,7,7,/?y 



j d^x Cqcd 



(2.36) 
(2.37) 
(2.38) 



where [dU] is the invariant measure on the group G. Here J^,ri,rj\ denotes the 

deformation from the TFT. When ?7 = 1 and M'^p] = Q = /C^^[f/], W[U; J^,f],r]] 
coincides with the generating functional of the connected correlation function in the 
perturbative QCD (pQCD) with the action SpQco (topological trivial sector). The 
correlation functions of the original fundamental field Afj,,ijj,ilj is obtained by differ- 
entiating Zqcd[J] with respect to the source Jfj_,f],ri. The sector written in terms of 
the TFT fields {U, C, C, 0) should be treated non-perturbatively. The perturbative ex- 
pansion around the TFT means the integration over the new fields (V^, 7, 7, (3) based 
on the perturbative expansion in powers of the coupling constant g. The deformation 
W[U; J'^,fj,'i]] should be calculated according to the ordinary perturbation theory in 
the coupling constant g, keeping the variable U untouched. An interpretation of this 
reformulation was given from the viewpoint of the background field method [Rl]. 
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2.4 Dimensional reduction to NLSM 



For a while, we neglect the perturbative contribution W and consider only the TFT 
part. Owing to the gauge choice of MAG, Parisi-Soulas dimensional reduction occurs 
for the TFT. Consequently, the D-dimensional TFT with the action 

StftK, C, C, 0] = J d'^x i5b5b {hl1{x)ni{x) + iC\x)C\x)^ (2.39) 

is equivalent to the (D-2)-dimensional coset G/H non-linear sigma model (NLSM) 
with an action, 

Snlsm[U] = 2nJ d^~h ^n^^{z)n;{z), n^{z) := '-U{z)d,U\z) 

= d''-'ztvg\n[d^U{z)d^U\z)l (3:=^. (2.40) 

Therefore, the TFT part of four-dimensional SU(2) non-Abelian gauge theory is re- 
duced to the two-dimensional 0(3) NLSM. Hence, the calculation of the diagonal 
Wilson loop for the four- dimensional topological part is reduced to that in the two- 
dimensional 0(3) NLSM or equivalent CP^ model. 

In the previous article [Q, the area law decay of the expectation value of the 
Wilson loop in the four-dimensional TFT (as a topological non-trivial sector of the 
four-dimensional YM theory) has been deduced by summing up the instanton and 
anti-instanton configurations in the two-dimensional equivalent NLSM and the linear 
confining static potential between quark and anti-quark in the TFT sector is derived. 
In this article, we show that the area law of the diagonal Wilson loop in the TFT 
is sufficient to conclude the area law of the full non-Abelian Wilson loop in the YM 
theory. This completes the proof of quark confinement based on the criterion of the 
Wilson loop in the four- dimensional YM theory. 



3 Non-Abelian Stokes theorem 

The Wilson loop operator is defined as a path ordered product of an exponent along 
a closed loop C. In the Abelian case, due to the ordinary Stokes theorem, it is 
rewritten as a surface integral on the surface S whose boundary is given by C. In 
contrast to the ordinary Stokes theorem, there may be many possibilities for the non- 
Abelian Stokes theorem (NAST) [0, |T|, [T^, 0, |^, gTl. In this article we 



treat a version of the NAST derived by Diakonov and Petrov ||T8|, |T^ . This version of 
NAST is able to remove path ordering from the expression of the non-Abelian Wilson 
loop. Instead, we must perform the functional integration. First of all, we rederive 
the NAST for the gauge group G = SU{2) using the path integral formalism in the 
spin coherent state representation. Moreover, we clarify the relationship between the 
induced magnetic monopole and the Berry phase which appear in the NAST. Second, 
we give the general NAST for any compact Lie group G. The NAST is manifestly 
gauge invariant as in the Wilson loop. In the next section, we make use it to prove 
the abelian monopole dominance in the string tension of QCD. 
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3.1 Path integral in the coherent state representation 

We consider the formal expression, 



Z[t,Q]:= irVt exp 



; t drHir) 
Jo 



(3.1) 



where V-,- is the i-ordering (or path-ordering) operator and the " Hamiltonian" Ti is 
specified later. We can make it well defined by taking the limit of discretization, 



N-l 



Z[t,0]^ lim tiVr l[[l-ien{Tn)], (3.2) 



n=0 



where e = t/N is the timestep and t„ = ne is the discrete time. The limit is taken 
keeping A^e = t constant. For a given Hamiltonian in the representation J, we would 
like to obtain a path integral representation of the partition function for a spin system. 

We make use of the spin coherent state to write the path integral representation 
of Z[i,0]. Consider the group SU(2) and an irreducible representation characterized 
by highest spin J. Let |0) denote the maximally polarized state |0) = \J, J) which is 
the highest weight state of a spin- J representation {| J, M)} of SU (2) where M labels 
the eigenvalue of J3, 

J^\J,M) = J(J + 1)\J,M), (-J<M<J), 

h\J,M) = M\J,M). (3.3) 

The state | J, M) is an eigenvector of both the diagonal generator J3 (Cartan subalge- 
bra) and the quadratic Casimir invariant J^. Spin coherent sates are a family of spin 
state {|n)} which is obtained by applying the rotation operator R to the maximally 
polarized state |0), 

|n) -.^ R{x.e,^)\J,J) = e^J'^e^'''e^''^\J,J), (3.4) 

where J"^(A = 1,2,3) arc three generators of SU(2) and [x^Vi^) Eulcr angles 
and the unit vector n parameterizes the spin coherent state. We have the freedom 
to define x arbitrary. This is a U(l) gauge freedom. We can eliminate it by fixing %. 
This is the gauge fixing for the residual gauge group H — U{1). The states are in one- 
to-one correspondence with the (right) coset SU{2)/U{1) where C/(l) is generated by 
J3 (rotation about the z axis). In the language of differential geometry, the coherent 
states form a Hermitian line bundle associated with the Hopf, or monopole, principal 
bundle. 

The diagonal matrix element of the generators reads 

(n| J^|n) = Jn^, (3.5) 

where 

n{x) = {n^ (x) , (x) , (x)) = {sm9{x) cos ip{x), sin 9 (x) simp {x), cos 9 {x)). (3.6) 
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It is known p^ , p5| that the coherent sates are not orthogonal. The overlap, i.e. the 
inner product of any two coherent states is evaluated as 

(n|n') = |^l±|LL^^ye-^*("'"'), (3.7) 

. r. rCOs[i(^ + ^')] f^-^'\] 

*(„.„') := 2arctau|^3i|l^ta„^^j|+X-)('. (3.8) 

where x' depend on the gauge fixing. 

The coherent states span the space of states of spin J. The measure of integration 
over the group parameters is defined by 

27 + 1 27-1-1 

dn{n) := —5{n ■ n - l)£n = — sin OdOdip. (3.9) 

477 An 

This is a Haar measure of the coset SU (2)/t/(l), in other words, it is the area element 
on the two-sphere S"^. The state |n) can be expanded in a complete basis of the 
spin- J irreducible representation {|J, M)}. The coefficients of the expansion are the 
representation matrix, 

|n)= \J,M)d['^j{ti). (3.10) 

M=-J 

The resolution of unity is given by 

fdfi{n)\n){n\= \J, M){J, M\ = I, (3.11) 

M=-J 

where / is an identity operator. Hence the coherent state |n) forms the complete set, 
although it is not orthogonal. Thus the coherent states form an overcomplete basis. 

In particular, for J = i, an element U{x) G 5*7/(2) is written as follows by 
introducing three local field variables {6{x),(f{x),x{x)) corresponding to the Euler 
angles. 



R{cp^ X) = U{X) = e^^(^)-3/2eie(x)a2/2gixW-3/2 

/ ef (^(^)+xW) cos ^ -el(^(^)-x(^)) sin ^ \ 
= (^g-tM^)-x(^))sin^ e-^(^(=')+^(^)) cos ^ J ' 

[0,7r],y.G [0,27r],xe [0,27r], (3.12) 

and ( p.4| ) reads 

H-«(x.^-)(;)-^-(^:cl)- (-^) 

By making use of the explicit representation, we can make sure that the formulae 
^), dp) and (imi) hold for J = 1/2. 
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Inserting resolutions of unit ( |3.11| ) between the factors in ( p.2| ), we obtain 



N t 

Z[t, 0] = lim n rf/^(n(r„)) l[i^ir)\nir - e))[l - ^eif(r)], (3.14) 

where the "classical" Hamiltonian is defined by 

(n(r)|7^(r)|n(r-6)) 

H{t) := , . . TT , 3.15 

(n(r)|n(r-e)) 

and the periodic boundary condition is adopted, 

n(t) = n(0). (3.16) 
In the limit N oo, we replace the differences by the corresponding derivatives, 

n(r + e)-n(r) ^eri(r) + 0(e2). (3.17) 



For more rigorous treatment, see ||2^, |23|] . 

Using ( p.8|) , the overlap between coherent states at nearby steps to leading order 
in e reads 



n(n(r + e)|n(r)) 

f t t 

exp<^ -zJ^$(n(r + e),n(r)) + J^ln 



1 + n(r) • n(r — e) 



Making use of (|3.8|) , we obtain 

$(n(r + e), n(r)) = e[vi(r) cos 0(r) + x(r)], 
whereas (|3.171 ) leads to 



In 



1 + n(r) ■ n(r — e) 



In 



1- j(5rn)^ 



■(5.n)^ 



(3.18) 



(3.19) 



(3.20) 



Within the same approximation, the classical Hamiltonian can be evaluated at equal 
times, 



H{T)^{^{r)\n{r)\n{T))+0{e). 



(3.21) 



By exponentiating the Hamiltonian and discarding higher-order terms in e, the formal 
continuum limit of ( |3.14| ) is obtained. 



Z[t,0] 

5[n] 
H\n\ 



[rf/xc(n)]exp(iS'[n]), 

f rfrif [n] - 7(t) + i /* dT{drYif 
Jo 4 Jo 



(n(r)|7^(r)|n(r)). 



7(t) := j/ rfr[vi(r)cose(r) + x(r)]. 



(3.22) 

(3.23) 
(3.24) 
(3.25) 
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where 



N 



[dficH] := lim nrf/i(n(r„)). (3.26) 



Af-^oo,e-»0 

n=l 



The first term, the Hamiltonian, is specified below. Though the last term in S'[n] 
vanishes in the continuum limit e — > 0, it plays the role of a regularization. Without 
it, the 'action' S[n] has no 'kinetic term' for the field n. 

The second term 7(t) depends on the trajectory of n(r) on the sphere and not 
on its explicit time dependence. It is geometric. The phase 7(t) is called the Berry 
phase or geometric phase of the spin history The Berry phase measures the 

area enclosed by the path n(r) on the unit sphere. The area increment is a spherical 
triangle with vertices at n(r), n(r + e) and (0, 0, 1) whose area is given by 

a; := [l-cos0(r)]rf^(r). (3.27) 

Hence the total area enclosed by the closed orbit is equal to 

^^u}:= dT[l - cos e{T)]if{T). (3.28) 



The Berry phase 



7(t) = jn = J <j>^uj = AnJQ (3.29) 



is expressed in a gauge invariant form. 
We can introduce a vector potential 



/*c/rA(r) ■ 4^n(r). (3.30) 
JO dr 



producing the a unit magnetic monopole whose line integral over the orbit n(r) is 
equal to the solid angle Q subtended by that orbit. For example, in the domain 

:= 52 _ gQ^^j^ p^ig _ 1^^^ ^) eS^;ey^ tt}, (3.31) 



's 
Un 



- North Pole = {{6, ^) e S^;e ^ 0}, (3.32) 
52 - Meridian = {{6, ip) g 5^; ^ ^ 0, vr, ^ 0}, (3.33) 



the vector potential is respectively given by 



1 — cos 9 ^ ( y X 
As := ^-^V 



rsin6' y r{r + z)' r{r + z)' y 

1 + cos^. ( y ^ (\ 

rsmt^ y r[r — z) r[r — z) J 

cos 9 ( yz xz \ 
Am := — ^V5= n 2^'*^ ' (3.34) 
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where <^ is a unit vector in the direction of ^p. The corresponding connection one-form 
uj is given (for a choice of x) by 

Q 

ujs '■= J{— COS 6 + l)dip = 2J sm^ -dip, = — yj), 

Q 

uiN '■= J {— cos9 — 1) dip = —2J cos^ -dip, = 

um '■= —J cosOdip. {x = 0)- (3.35) 

Note that and Us are interrelated by the gauge transformation, 

uJs = ojn + 2Jd(p. (3.36) 

The connection one-form is related to the curvature two-form by the ordinary Stokes 
theorem, 

£u = J^duj, T = dS. (3.37) 

The curvature two-form du does not depend on the choice of the connection one-form 
(|3.35|) , since 

duj = J sin Ode A d<p (3.38) 

The Berry phase measures the flux of magnetic monopole through the area S of S"^ 
bounded by the trajectory T of n(t). 

Perform the contour integral along the 6= constant line for (|3.36| ), 



(j) LUs = j!' ujN + 2J<j) d(p = cjat + 47r J. (3.39) 

This implies 

gi/^a;s _ gi/^<^iVgi47rJ^ (3.40) 

and e*^'^'^ = 1, i.e., 4ttJ = 27m. Thus the quantization of the spin J = ^ is obtained 
as a topological invariant. Incidentally, the connection one-form ujs-,^n is written 
using the unit vector as 

u{x) = \l \' ^. (3.41) 

1 ± n3(x) 

3.2 Non-Abelian Stokes theorem for G = SU{2) 

Now we apply the above result to evaluate the Wilson loop operator. We consider 
the Hamiltonian 

n{t) = A{t) := A,{x)^ = A^{t)T^ = A^{x)T^^, (3.42) 
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where A{t) is the tangent component of the YM field along the loop (see the next 
subsection for a more precise definition). Using (|3.5| ), we obtain 



and 



H[n] = iJA'^{t)n^{t) = Jtila^UAU^], 



f'dTH[n] = jfdT ti\a^UAU\ 
Jo Jo 



(3.43) 



(3.44) 



where cxs is the third Pauli matrix and we have used the adjoint orbit representation 
for n, 



n^{x)T^ = U\x)T^U{x). 



(3.45) 



Using ( |3.12D , we can see that the unit vector n(a;) defined by ( |3.45[ ) is equal to ( |3.6D 
On the other hand, using (|3.12|) the Berry phase is rewritten as 



(3.46) 



where the functional 7(t) denotes the phase acquired by a spin that aligns with an 
adiabatically rotating external field A which is parallel to n(r). Finally we have 
shown 



Z[t,0] 



tiVc exp 



-i j> dx''Af,{x) 



[dfi{n)]exp{iS[n]), (3.47) 



S[n] := J dr tiLj J UAU^ + tU-^U^ 



(3.48) 



For the gauge group G=SU(2), we have obtained the non-Abelian Wilson loop in 
the path integral representation, 



W^[A] := tr Pexp [i j>^A'^{x)T^dx^ 
J [d/j^ci'n)] exp (^J dx'^' tr jaa 
j[dijLc{n)\ exp {iJ<j>dtti\ 



UAJxW + -UdJJ^ 
9 



UA{t)U^ + -U^U^ 
g dt 



(3.49) 



where J is the spin of the representation of the Wilson loop considered. This is a 
special case of the NAST of Diakonov and Petrov which will be explained in the next 
section. 

3.3 Non-Abelian Stokes theorem in the general case 

We give the results of Diakonov and Petrov [|l^, ^ in the most general form in the 
following. 
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Definition: Let C be a given curve = parameterized by t where the 

values of the parameter ti,t2 correspond to the end points of the curve. We define 
the path-ordered exponent (POE) of the YM field ^^(x) := A^ix)T^ by 



(3.50) 



o,/3 



Introducing the tangent component of the YM field along the loop, 

Ait) := A,,ix) 
we can write the POE as 



dt dt ■ 



wUt,,t^] 



Vexp j^J A{t)dt 



a,f3 



(3.51) 



(3.52) 



The POE ( |3.50| ) is defined by the power-series expansion, 

W^,pit2. ti) = Y. j dri--- j rfr„,M(ri) ■ ■ ■ a(r„)] 



(3.53) 



n=0 ' 



where ^2 > ti > • ■ ■ > t„, > ti. 

Theoreni^^ |T9|: Consider the non-Abelian group G and the maximal torus group 
H of G. Define to be the generators of the representation J: T^T^ = J (J + 1). 
Let TCi{i = I, ■ ■ ■ ,r) he the generators of the Cartan subalgebra of the Lie algebra Q 
of G and the r-dimensional vector m be the highest weight of the representation J 
with r being the rank of the gauge group G. Then the POE is written in the path 
integral form, 

W^,pit,,t,) 



I dU, I dU, E i2J' + l)Dl2iUl)D^j;;iiU^] 



J'M' 



X 



U{t2)=U2_ 

U(ti)=Ui 



'[dU{t)]exp [iJ 



dx^ tr < m,7i,- 
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dU, I dU2 E (2J' + l)/^S(f/l)M^J,(t/i) 



J',M' 



X 



U(t2)=U2 



U{ti)=Ui 



[dU{t)] exp U J / rft tr <^ rmH 



t2 



UA{t)U^ + -U^U^ 
g dt 



. (3.54) 



Here dU is the invariant Haar measure on G/H and Dj,jj^,j,{U) are the Wigner D- 
function which expresses finite rotation in the representation J, 



+.J 



R{U)\J,M)= E l^,^')^M'M(f^), D'^^>M,{U):={J,M\R{U)\J,M'). (3.55) 

M'=-J 



1/2 

In particular, in the spinor representation D](^j^,p{U) = 



MM' 
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According to the above theorem, the POE is written as a functional integral over 
all gauge transformations U{t) of the given potential A(t), projected into matrix 
representation a, (3. From the above theorem, a version of NAST is given as follows. 
The Wilson loop, i.e. the trace of POE along a closed loop C has the form. 



W^[A] := tr Pexp [i j>^A^{x)T'^dx^' 
J [dU{t)] exp (^iJ j dx^" tr jmiK 

[dU{t)] exp liJ (^dttrl miH 



g dt 



(3.56) 



For G = SU{2), this reduces to (|3.49| ). The formula is manifestly gauge invariant, as 
is the Wilson loop itself. 



4 Abelian and monopole dominance 

Now we show that the abelian and monopole dominance is deduced from the NAST 
in the formulation p[ of YM theory as a deformation of the MAG TFT. Making 
use of the NAST, we will clarify the meaning of Abelian dominance and monopole 
dominance in low-energy physics in QCD. 

The full non- Abelian Wilson loop is defined as the path-ordered exponent. In 
the version of the NAST derived in the previous section, the path ordering has been 
removed from the expression. Instead, we must average over the Haar measure on 
G/H. The removal of path ordering is very welcome, since it is rather difficult to treat 
the path ordering. As a result, there appears the field tensor introduced by 'tHooft 
and Polyakov in connection with magnetic monopoles. This indicates an intimate 
connection between the magnetic monopole and quark confinement. In what follows, 
explicit calculations are performed only for G = SU{2). However, the generalization 
to G = SU (N) is straightforward. 



4.1 Magnetic monopole in YM theory 

The non-perturbative study of YM theory in the MAG goes as follows, see for 
more details. First of all, gauge field configurations are constructed by performing 
the local gauge transformation (^) such that the gauge rotated field A^{x) minimize 
the functional 7^[^^] where 



n[A] := J rf^x tTg\n[^A^{x)A^{x)]. 



(4.1) 



Here the trace is taken over the Lie algebra Q XTi. In the differential form, this 
implies that A^{x) satisfies the the gauge-fixing condition ( p. 20 ). Next, the Abelian 



(or diagonal) field a[j and its field strength fp^ are extracted from the non- Abelian 
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gauge field according to 



a^^ix) := tr[TX(^)], (4-2) 
fH^ix) := d,a^{x)-d,a^^{x). (4.3) 



The magnetic current ku is defined from tlie diagonal part by 



k^{x) ^uf^ui"^) J f^ii^i-^) ■ c2^^vpcF f pcrip^^ ■ (4-4) 

The magnetic charge is calculated from the magnetic current as 

In the usual Abelian gauge theory (i.e., Maxwell theory), the magnetic monopole 
current vanishes identically due to the Bianchi identity, 

^iivpad^f^ix) = 0, /^^(x) := d^a^{x) - d„a^{x), (4.6) 

as long as the field variable ci^(x) is non-singular. In other words, in order to obtain 
a non-trivial magnetic current in Abelian gauge theory, we need to introduce the 
singularity into the Abelian gauge theory. This fact is well known from the study 
of Dirac magnetic monopole. In the non-Abelian gauge theory, the singularity is 
produced by partially fixing the gauge G/H and leaving the Abelian subgroup H of 
the original non-Abelian gauge group G unbroken. The partial gauge fixing leads 
to the singularity which is sufficient to generate the magnetic monopole. This is an 
idea of Abelian projection by 't Hooft [Q. The MAG leaves the maximal torus group 
H = U{1)^~^ unbroken. This is why the YM theory can have magnetic monopoles 
even in the absence of the Higgs scalar field. It is well known that the YM theory 
in Euclidean space has instanton solutions, although the pure YM theory does not 
have any non-trivial classical (stable) soliton solution in four- dimensional Minkowski 
spacetime. It is still in dispute whether the instanton configuration alone can produce 
sufficient string tension for the quark confinement. The relationship between the 
magnetic monopole and instanton has been discussed in 0, 0, see also references 
cited there. 

Substituting (p.7|) into (|4.3|), we have 



a^^ix) := tT[T'A^^ix)]=n^ix)Aiix) + a^^ix), (4.7) 
where we have used ( |3.45D and defined 



a;^(x) := nlix) := tT[T'n^{x)], ^]^(x) := ^U{x)d^U^ (x). (A.t 



Note that ([4.7|) has the same form as the argument of the exponent in the NAST 



( 3.49| ). Therefore the NAST ( |3.49| ) for the Wilson loop is rewritten as 

W^[A] = J [di2c{n)]exp [iJ j^dx^'alix)^ , (4.9) 
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and the expectation value of the the Wilson loop is given by 

{W''[A])ym = j M/ic(n)] ^exp (iJ j^dx^alix)^! (4.10) 

In the previous article ||^ we have calculated the expectation value 

{W^[a''])YM = (exp {iJ <f^dx^a^{x)^'j^^^ (4.11) 

of the diagonal Wilson loop, 

W^[a^] = exp {iJ j^dx^'a^i^x)^ , aj^(x) := ^l^x). (4.12) 

Now, the difference between the abelian (diagonal) Wilson loop (|4.12| ) and the full 
non-Abelian Wilson loop ( [4. 9] ) has become clear. The diagonal Wilson loop is obtained 
from the full non-Abelian Wilson loop by neglecting the n^{x)A'^{x) part and the 
functional integral /[(iyu(n)] along the loop C. Therefore, the deviation of the diagonal 
Wilson loop from the full Wilson loop can be determined by estimating the effect from 
n^{x)V^{x). 

If the gauge field A^{x) is not singular, the first piece U {x)A^{x)U'^ {x) of A^{x) is 
non-singular and does not give rise to magnetic current. On the contrary, the second 
piece Vt^{x) does give the non- vanishing magnetic monopole current (see e.g. [|I|). 
According to Monte Carlo simulation on the lattice [T^, the magnetic monopole part 
gives the most dominant contribution in various quantities characterizing the low- 
energy physics of QCD, e.g., string tension, chiral condensate, topological charge, 
etc. This phenomenon is called the magnetic monopole dominance. 

Therefore, it is expected that the most important degrees of freedom for the low- 
energy physics comes from the second piece VL^{x) of A^{x) rather than the first piece, 
U{x)A^{x)U'^{x). Therefore, we have decomposed the YM theory into two parts, i.e., 
the contribution from the part ^^^{x) and the remaining part in section 2. 

Standing on this viewpoint, we recall the calculation of the abelian (diagonal) field 
strength in four-dimensional YM theory. The identity for 



d^n,{x) - d,n^{x) = ig[n^{x),n,{x)] + -U{x)[d^,d,]U\x). (4.13) 



leads to 



/il(^) := d,nl{x) - d,nl{x) = CfXx) + '-{U{x)[d„dAU\x)r\ (4.14) 



where 



cfj := (^^?[fi^,fi,])(=') = ^76'^''='^]^^]t = ^^7(^X- W) (^-is) 

= -^sine^d^ed.ip- 3^^3,6). (4.16) 
Note that C|2' is generated from the off-diagonal gluon fields, Vt^^^Vl?^. 
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We can identity the first and second parts of right-hand-side (RHS) of ( ^.14| ) with 
the the magnetic monopole and the Dirac string contributions respectively. This is 
clearly seen by writing ( [4.14| ) explicitly using Euler angles, 

/^^, = ~sine{d,ed,^ - d^^d^o) + -^{[dp,d,]x + cose[d,,d,]v). (4.i7) 

The magnetic charge is given by 

^m(V^^'^) = 7^/ rfVw<xSin^(9^^9,¥P-9^¥.9,^). (4.18) 

The magnetic charge ( |4.18| ) is quantized |jl|, since the integrand is the Jacobian from 
to and 

\12{SU{2)/U{1)) = n2(^') = Z. (4.19) 

Then the magnetic charge gm satisfies the Dirac quantization condition, 

27m 

Qm = , or ggm = 27m {n E Z). (4.20) 

9 

We can give the second definition of the magnetic charge gm as the contribution from 
the Dirac string, 

9Ds{V^''^) = ^1 rfVw([^M'^Jx + cose[9^,9,]<^). (4.21) 

If we choose x = ~^ (resp. x = +V^) using residual U(l) gauge invariance, then the 
Dirac string appears on the negative (resp. positive) Z axis, i.e., 9 = it (resp. 6* = 0). 
In this case, the surface integral ( [4.21| ) reduces to the line integral around the string, 

1 /■ 1 /■ 

gnsiV-^^) = — da^^ep^p„[dp,d„]ip{x) = -— dap^pt^yp„dp^{x). (4.22) 
Zg Js^^^ Zg J sW 

This gives the same result ( [4.18| ) but with the minus sign, which is in consistent with 

ni([/(l)) = Z. (4.23) 

Actually, two descriptions (^4.18|) and ( [4.21|) are equivalent and the above argument 
can be generalized to more general gauge group, as suggested from 

U2{SU{N)/U{lf-^) = U,{U{lf-') = (4.24) 

Eq. (^4.13|) implies 

J^H^ix) := d^Q,{x)-d,Q^{x)-ig[Qp{x),Q,{x)] = '-U{x)[dp,d,]U\x), (4.25) 

if the contribution from U{x)Ap{x)W{x) is completely neglected. Here the RHS is 
identified with the contribution from the Dirac string. The existence of Dirac string 
in the RHS of ( 4.25|) reflects the fact that the field strength J^^(x) does contain the 
magnetic monopole contribution. Thus we have obtained a gauge theory with mag- 
netic monopoles starting from the YM theory (without any scalar field). Therefore, 
MAG enables us to deduce the magnetic monopole without introducing the scalar 
field, in contrast to the 't Hooft-Polyakov monopole p^ , |35 |. 
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4.2 Magnetic monopole and non-Abelian Stokes theorem 

We show that the magnetic monopole does appear in the gauge invariant Wilson loop 
of YM theory through the NAST. The NAST gives a gauge-invariant description of 
the magnetic monopole in YM theory. 

The second term in the exponent (|3.49|) can be rewritten as a surface integral 
inside the closed contour of the Wilson loop. The parameterization of SU(2) matrix 
U by the Euler angles leads to 

^lix) := tr L j = ^Mx) + cos^(x)9^</.(x)]. (4.26) 



Then the second term in the exponent of ( |3.49 ) reads 

iJ ^^dx^nlix) = iJ j>^dxni{a^-U{x)d^Jj\x) 



9 

i— i dx'^[dfj,x{x) + cos9{x)d^ip{x)]. 
9 



(4.27) 



This is rewritten as a surface integral using the standard Abelian Stokes theorem, 



iJ j^dx'' Qlix) 



iJ J dh e^,{d,Ql - d,Ql) = iJ j d'z e,,f^,. (4.28) 



is " Js 

By making use of a unit vector n, this is further rewritten as 



I J f^dx^'Qlix) 



9 -^s 

J r 

i— / d'^z en^n ■ (duU x dun) 
g Js 

i Qs, 



where Q is the topological charge of the n field p| in the area S, 

Qs ■= ^ f d^z e^^n ■ (S^n x ^^.n) = / d^a^^ n ■ (9^n x dyXi). 
an Js An Js 

On the other hand, the first term in the exponent ( |3.49| ) is rewritten as 

iJ ^ dx'^ tr |o-3 
Thus we obtain another version of NAST 

[dfi{n)] exp < iJ 



(4.29) 



(4.30) 



UV^{x)W]} =iJ idx" V^(x)n^(x) =iJ idt V^(t)n^(t). (4.31) 



[(i/i(n)] exp < iJ 



i dx^ n^{x)Vi{x) + - I rfV^^n • (9,,n x O^n) \ 
dt n^{t)V'^{t) + ^J^ d^a^^n ■ {d^n x ^^n) | . (4.32) 
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Furthermore, the first term in the exponent is rewritten as 



iJ i dx^ n^{x)V^{x) =iJ d^a^''-[d^{n^{x)V^{x)) - d,{n'^{x)Vf:{x))]. (4.33) 



c 



Therefore, a manifestly gauge-invariant formula of the non-Abelian Wilson loop has 
been obtained fffSl, Hi 



(4.34) 



W^[A] = J [c//i(n)] exp ^ c/V^'^ G 



with the gauge-invariant tensor field |36 



G^.{x) := d^{n''{x)VC{x)) - 9,(n^(x)V;(x)) - -n(x) ■ {d^n{x) x 9,n(x)). (4.35) 



This is nothing but the 'tHooft tensor |35|, ^ if we identify with the direction 
of the elementary Higgs field. 



0^:= 0^/101, 101 := ^0^0^. 



(4.36) 



The tensor ( |4.35|) gives a SU(2) gauge- invariant definition for the electromagnetic 
field tensor, since using the covariant derivative. 



D 



AB 



ABC aC 



it is rewritten as 



G fly (x) 



n\x)Ti,{x) - ^e^^^n^(x)(D^n(x))^(D,n(x))^ 



tr 



n{x)Tf,u{x) - ^n{x){D^n{x)){Dyn{x)) 



where we have used 

[a^, a^] = 2ze^^^a^, tr(a^(T^) = 25^^, tr(aV^(T^) = 2ze^^^. 



(4.37) 

(4.38) 
(4.39) 

(4.40) 



Note that both terms in ( [4.39|) are gauge invariant, because under the gauge trans- 
formation rv[x),D^n{x) and T^uix) transform as the adjoint representation, 



n(x) 



^ U{x)n{x)U\x), 
^ U{x)D^n{x)U^{x), 
^iiu{x) U{x)J^^y{x)U\x). 



D^n{x 



(4.41) 



The Wilson loop is the evolution operator for spin Jn in a time-dependent "ex- 
ternal (magnetic) field" V^(t) and the Wess-Zumino term. 



Swz ■= J d'^a^^ n ■ (d^n x d„n) 



(4.42) 
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fixes the representation to which the spin belongs. The non-Abelian Wilson loop 
measures the flux of magnetic monopole through the area S enclosed by the Wilson 
loop C where the magnetic monopole is generated from the topological non-trivial 
conflguration of n(x). 

Unlike the usual electromagnetic fleld tensor, the tensor (|4.35|) has a dual with 
non-zero divergence, i.e., non- vanishing magnetic monopole current, 

k^, = ^e^^p^d^G^"" = ^e^^p^d^n ■ {dpii x d^n) = ^e^^p^9^[n ■ {dpU x d^n)]. (4.43) 

The monopole current /c^ is a conserved topological current, d'^kp^ = 0. Although the 
kp is written as a total divergence, it can give non-vanishing magnetic charge ( [4.18 



d^x kn 



2Txn 



(4.44) 



'y{3) g 
In the region where n = (0, 0, 1), the 't Hooft tensor reads 

Gp,{x) = dpVl{x) - 9,Vj(x), (4.45) 
and the magnetic current vanishes identically, kp = 0. 

4.3 Abelian magnetic monopole dominance 

Note that we can replace Ap (appearing in the argument of the exponent in the NAST 
( |3.49| )) with Vp which has been deflned in the reformulation of the YM theory. This 
is shown as follows. If Ap{x) is the gauge rotation of Vp{x) by U{x), 



then 



Apix) := Uix)Vpix)U\x) + -Uix)dpU\x) = vl!ix), 



(4.46) 



U(x)Ap(x)UUx) + -U(x)dpUUx) 
9 

{U{x)U{x))Vp{x){U{x)U{x)y + ^{U{x)U{x))dp{U{x)U{x)y 
Vfix). 



(4.47) 



As the new matrix UU is also an element of G, we can absorb this change into the 
invariant Haar measure [(i/ic(n)]. Therefore we can write the NAST ( [4.48|) as 



W^[A] := tr Pexp (^i ^^A^{x)T^dx^ 
J [(i/ic(n)] exp (^J dx'^ tr jds 
[(i/ic(n)] exp \ iJ<j>dtti\ 



uVp{x)u^ + -udpU^ 



9 



f/V(t)f/t + -U^W 
9 dt 



(4.48) 
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and the expectation value of the Wilson loop reads 
{W''[A])ym 

where the expectation value is written according to (|2.36| ) as 



,49) 



exp < iJ 



YM 



j> dx^ n^{x)V^{x) + - J d^z e^^n ■ ((9^n x dyn) | 

The denominator, i.e. the partition function Zym is equal to 

^yM = //e^^'^"^^^^'^'[^'+^^"^-"'''"f^l)\ Z,y^^ Ztft. (4.51) 

\ \ / pYM I rj^pj. 

where ZpYM is the partition function of perturbative sector of the YM theory, 

Z,YM ■■= j [dV,][d^]mWY'^--'^''^'^'^'^\ (4.52) 

and Ztft is the partition function of the TFT, 

Ztft ■■= j [dU] [dC] [dC] [d(t)YSTFT[n^fim, (4.53) 

The numerator is equal to 

I pYM 



TFT 



The expectation value of the Wilson loop is given by the ratio, ( [4.54| )/( p:.51 
In ( [4. 511) , the argument of the exponential including A^^[f/] and }C^^[U] (|2.32| ) is 



written in the BRST exact form, 

/ di^x{iv^M^[u]+^v^v^ic^B[uj-^ ^ gi{Qfl,*}_ (4,55) 

Expanding this exponential and using the fact that 

Qi = QB, Qb\0)tft = 0, Ql = 0, (4.56) 
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we see that the partition function in the absence of external sources has the decom- 
position, 

Zym = ZpymZtft- (4-57) 
Thus the expectation value of the Wilson loop is written as 

xe*9 •^s''^^ ^"""'^^""^^""M . (4.58) 



TFT 



By repeating similar arguments, the Wilson loop is cast into the form, 

\ \ / pYM I 'Ypj- 

The perturbative part is expanded into 

\ I pYM 

= 1 - \.fj^dx^j^dy^n\x)n^{y) (V^ (^)V.^(y))^^^^ + 0{g'), (4.60) 
where we have used (Vf^ix)) = 0. Then we can write 

\ ^ ^ V pYAI 



TFT 



1 - \j'j^dx^j^dy^{V^{x)V^{y))^^ 



pYM 



n^(x)n^(l/)e'f/s'^'^ e,.n.(0,nxa.n)^ 
^ LTFT^Q^gA 



.(4.61) 



TFT 



Owing to the dimensional reduction, the expectation value of the diagonal Wilson 
loop (e'i-fs'^^' e^.n.(9^nxa,n)\ ^-^^ j^^g ^-^^ four-dimeusioual TFT 

^\ / TFT 

(p.39|) is reduced to that in the two-dimensional NLSM ( p.4q ), when C is planar, 

" \ / TFTi \ I NLSM2 

The quantity Qs[^ defined by 

QsH f dh e^,n ■ {d^n x d,n) = < - n™, (4.63) 

OTT JS 

is an integer and counts the instanton-anti-instanton charge {n"^]^ — n!?) inside the 
Wilson loop. By summing up the instanton and anti-instanton contributions in the 
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two-dimensional NLSM, we have obtained the area law for the diagonal Wilson loop 
in the previous article 0, 

{W^'ia^TFn = (e^^'^'^"'"^^^,,^ = e-'^--^(^), (4.64) 

where A{C) is the area enclosed by the Wilson loop C. We call the coefficient in the 
area decay aAbei the Abelian string tension. The naive instanton calculus based on 
the dilute instanton gas approximation leads to 



a Abel = 2Se ^1 



1 — cos 



4:71^ 

Si = — , (4.65) 
9 



where i? is a constant with the mass-squared dimension, B ~ m\ and 5*1 = Air'^/g'^ 
is the action for one instanton. Here we have neglected to write the perimeter decay 
part which can be generated by instantons and anti-instantons located just on the 
perimeter of the Wilson loop. 

Now we proceed to estimate the remaining terms. To simplify the perturbation 
calculation in the RHS of ( [4. 611) , we take the Feynman gauge in the perturbative 
sector where the propagator reads 

(v^(x)Vf(y)) = 6^^6,Mx,y), (4.66) 



Then we obtain 



'n(a;) ■ n(?/)e'f^"^^ 



_NLSM2 I /-)/'^4' 
' NLSKh 

where we have used the dimensional reduction 0] for the correlation function. 



(4.68) 



n(x) ■ n(?/)e'i'"^«["l\ = Uix) ■ n(y)e'^'"^«["] 

^ ' ITFTi \ ^ ' / NLSM2 

x,y eC = dS CR\ (4.69) 

for the planar Wilson loop C, 

A naive estimate for the expectation value in NLSM2 is given by considering 
the instanton contribution. The instanton solution in NLSM is given by the field 
configuration n such that n approaches the same value n^°) at infinity (see p|) 

n(x) ^ n(°) (|a;| ^ 00), (4.70) 

where n*^°^ is any unit vector, n*^*^) ■ n*^*'^ = 1. Therefore, for large Wilson loop C 

n{x) ■ n{y) n(°) ■ n(°) = 1, {x,y e C = dS). (4.71) 
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Here the configuration n^°) = (0, 0, 1) corresponds to the topological trivial case, 
Q = 0. The precise estimate of (^4.69|) can be done using the large expansion 
for 0(N) NLSM. In fact, for not so large |x — the two-point correlation function 



behaves as (see e.g. p7| ) 



(n(x) ■ n(?/)) 



NLSM2 



\x-y\ 
m 

2n (3 e 



JV-l 
N-2 



(4.72) 



where e is a short distance cutoff. 

It turns out that the contribution of the last term in ( |4.68| ) gives the perimeter 



law correction to the area law. For large T ^ i? 3> 1, we have (see Appendix and 



2 I D „2 rp o 



1 /■ f n -\- Fi n n Ti 



It should be remarked that the perimeter decay in ( [4.73[ ) comes from the contribution 



of the coincident point, x = y, (after regularization, |x — |/| = e -C 1, see Appendix). 
Similarly we can evaluate the higher-order terms which give the running coupling 
constant in consistent with the asymptotic freedom. These contributions from the 
perturbative sector should be compared with the conventional calculation based on 
the perturbative QCD [^. 



Exponentiating the contributions from the power-series expansion we obtain 
for g small. 



where C and C are constants. The full non-Abelian string tension is defined by 

where A{C) is the area enclosed by the Wilson loop. For a rectangular loop with side 
lengths R and T, A{C) = RT. The above result shows that the Abelian (diagonal) 
Wilson loop obeys the same area law as the Non-Abelian Wilson loop and that the 
area law of the full non-Abelian Wilson loop is deduced from the magnetic monopole 



contribution for the diagonal Wilson loop, {e" This implies the monopole 
dominance in the string tension of QCD under the MAG. The deviation of the Abelian 
string tension from the full non-Abelian string tension is given by 

R,T^oc RT ^ ' 
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Hence the deviation of the string tension comes from the finite size effect of the Wilson 
loop. For sufficiently large Wilson loop, o > aAbei and the off-diagonal contribution to 
the string tension vanishes as R,T oo. In the large Wilson loop limit R,T ^ oo, 
the Abelian string tension coincides exactly with the full non-Abelian string tension, 
a = (J Abel- Thus Abelian and monopole dominance for the string tension can be proved 
under the MAG according to the formulation of the YM theory as a deformation 
of the TFT. It is rather straightforward to extend the above strategy to the case, 
G = SU{N),N> 3. 

It should be remarked that, if the massive decay of the correlation function (^4.72|) 



for large separation \x — y\^l{x,yGC)is incorporated in the above evaluation, the 
Coulomb part in ( [4. 731 ) will be replaced by the Yukawa part, f;;:^^"™"^, where 
m is the mass of the n field of the NLSM. However, this effect does not change the 
conclusion for the string tension. In fact, the perimeter part is generated from the 
coincidence limit |a; — ?/| ^ 1. Furthermore, if we averaged n(x) - n^y) over all possible 
configurations, we would have obtained, 

J dficin) n{x) ■ n{y) = 6^^\x - y), (4.77) 

from a fact that n{x) and n{y) are independent for the measure dudn). Consequently, 
only the coincident contribution survives in ( 4.68 ) , which leads to the perimeter decay 



correction alone in ([4.76|) (without the Coulomb or Yukawa part). 

Monte Carlo simulation of lattice gauge theory supports the finite size effect as a 



deviation of the string tension, as argued by Suganuma et al. using the computer- 
assisted analytical study. 

4.4 Abelian dominance 

According to the NAST, one must average over all gauge transformation in the coset 
SU(2)/U(1). Abelian dominance is the statement that in the true quantum vacuum, 
the contributions to the n average is approximated by the Abelian projection. This 
replaces n^(a;)V^(x) with n^{x)V^{x). In our standpoint, the contribution to the 
area law and non- vanishing string tension comes from the topological term, i.e., the 
second term in the exponent ( 4.32|) , because the first term can only give the per- 



turbative correction around non-trivial topological sector. Actually, the first term 
may give a long-range Coulomb potential in the topological trivial sector Q = 0. 
Therefore, according to the reformulation of YM theory as a deformation of MAG 
TFT, the dominance of topological non-trivial term (the second term) is an imme- 
diate consequence of the formulation. This implies the monopole dominance in the 
string tension. In addition, the Abelian dominance is an immediate consequence of 
the APEGT together with the above considerations. 

Here it should be remarked that the Abelian (diagonal) Wilson loop in the non- 
Abelian gauge theory is not the same as the Wilson loop in the Abelian gauge theory. 
In the Abelian U(l) gauge theory, the Wilson loop is given by B 



W'^[a] := exp (^^0'^ a^{x)dx'^^ 
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exp ( ^Q' J dx'^ 



U{x) = e'^^''^ eU{l). 



4.5 Gluon self-interactions in the perturbative sector 

In the new reformulation of gauge theory 0, QCD has been identified with a pertur- 
bative deformation of the TQFT. In this reformulation the non-perturbative dynamics 
of QCD is saturated by the TQFT. This identification will be meaningful at least in 
the low energy physics (including the quark confinement) by the following reasons. In 
principle, of course, additional non-perturbative dynamics could possibly come from 
the self-interaction among the gluon fields reflecting the non-Abelian nature of the 
gauge group. However, additional non-perturbative contributions to quark confine- 
ment are expected to be rather small, if any. This is because the recent numerical 
simulations 10| of lattice gauge theory with the maximal Abelian gauge fixing 



have confirmed the magnetic monopole dominance as well as the Abelian dominance 
in low-energy physics of QCD for various quantities including the string tension. 

Another reason from the theoretical viewpoint is as follows. As shown in 
we can integrate out the off-diagonal gluon fields in QCD to obtain the low-energy 
effective gauge theory of QCD, i.e. APEGT. Note that the APEGT is the Abelian 
gauge theory. Hence, at this stage, we do not worry so seriously about the remaining 
gluon self-interactions which are identified as the perturbative deformation to the 
TQFT in the reformulation of QCD. Then the non-vanishing magnetic monopole 
current k^{x) is generated from the diagonal Abelian part a^{x) according to In 
addition, the result of the previous article shows that the condensation of magnetic 
monopoles in the four- dimensional QCD is deduced from the instanton (or vortex) 
condensation in the two-dimensional NLSM obtained from the dimensional reduction 
of the four- dimensional TQFT. Therefore, the low-energy dynamics of QCD in the 
MAG is considered to be described well by the TQFT or its dimensional reduction, 
i.e., NLSM. In the low-energy region where the APEGT is meaningful, therefore, 
quark confinement will follow from these considerations without much difficulties by 
combining the results of the previous articles [|T], Q with the result of this article. 

A Evaluation of Wilson integral 

In order to evaluate the Wilson integral, we choose a rectangular contour with side 
lengths R and T. Then we have 



/ dxn (f dyn- 

Jc Jc \x — y 



2 



-2 / dt' / dt"^^ ^ - 2 / dr' dr". 



lo Jo ^ (^z _ ^//)2 Jo + (^^/ _ ^//)2 

pT pT I j-R j-R I 

+2/ dt' dt"- 777 + 2/ dr' dr"- -—. (A.l) 

io io {t'-t"f Jo Jo (r'-r")2 ^ ' 

Note that dx^^dy^ implies that only integrations between parallel sides give a contri- 
bution, i.e., no contribution between neighboring sides where dx^dy^ = 0. In the line 
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integrals in the first (resp. second) lines of ( |A.1| ), x and y run over opposite (resp. 
same) sides of the rectangle. The integral over the opposite side is 



dt' / dt" 



1 2T T f T^^ 

+ it' - t"y = ^"^^'""^ - ^ ^ 



(A.2) 



On the other hand, the integrals over the same sides diverge. So we omit the integral 
around the singularity by introducing the infinitesimal parameter e, 



dt' / dt"- 



1 



(f - t"f 
Summing all terms yields 



dt' 



dt"- — 



T 



H'\2 



e T 



(A.3) 



c 



dx^ f^dy^- 



x-y\ 



2T 



T 2R 



R 



T2 



— arctan 1 arctan In 1 H - 



R 

T + R 



R 
2e 



T 



T 



i?2 



- 2 In - - 2 In - 
T R 



(A.4) 



For simplicity, we consider the rectangle which is much larger in temporal direction 
than the spatial direction, T ^ R{^ e). 



c 

Then we obtain 
1 



dx^ f dy^ 



c 



2 Jc 



\x 



9^ 



TT- 



R 



2 In 



R 



T + R-2e 



c 



^^47r^ \x — 



T + R g^T g\ R 
^ h In 
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Att R 27r2 



(A.5) 



(A.6) 



In RHS of ( |A.6D the first term exhibits the perimeter law. The second term cor- 
responds to the Coulomb law. The constant term represents the self-energy of a 
regularized point charge. This should be subtracted during the course of renormal- 
ization. On the lattice, e is replaced with the lattice spacing. The last logarithmic 
divergent term does not occur for the path C with continuous tangent [^ |. 
In the Abelian gauge theory, the static potential is given by 



V{R) 



- lim - \n(W^'\v]) 

— lim — In ( exp 



i <j) dx^v^(x) 



c 



— lim — In exp 



— lim — In exp 



i dx^ 
2 Jc JC 



2Jc ^ 



pU{l) 

dy" {v^{x)v^{y))^^-^.^ 
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1 



c 



^yt'A 2 I 12 

47r^ \x — 



9' 1 



2n^e 



^1 
471 R' 



(A.7) 
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where the last term gives the Coulomb potential. The above evaluation of the Wilson 
loop shows that the perimeter law follows from the contribution, x = y. For more 
details, see 0, 130, 0, |§ . 
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